Introduction and statement of the results {#Sec1}
=========================================
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                \begin{document}$$\int ^{1}_{0} f(x) \,\mathrm{d}x$$\end{document}$. See for example \[[@CR8], [@CR17], [@CR36], [@CR41]\]. It is the aim of this paper to propagate the analysis of corresponding "*Weyl products*"$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} P_{N} := \prod ^{N}_{k=1} f(x_{k}), \end{aligned}$$\end{document}$$in particular with respect to their asymptotic behavior for $\documentclass[12pt]{minimal}
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Note that, formally, studying products $\documentclass[12pt]{minimal}
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                \begin{document}$$x \in [0,1]$$\end{document}$. Thus we will concentrate on functions *f* for which $\documentclass[12pt]{minimal}
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Assuming an even distribution of the sequence $\documentclass[12pt]{minimal}
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                \begin{document}$$\int ^{1}_{0} \log f(x) \,\mathrm{d}x$$\end{document}$ if this exists. That means, very roughly, that we expect$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \prod ^{N}_{k=1} S_{f} f(x_k) \ ~ \text{ rather } \text{ than } \ ~\prod ^{N}_{k=1} f(x_k). \end{aligned}$$\end{document}$$A special example of such products played an important role in \[[@CR1]\] in the context of pseudorandomness properties of the Thue--Morse sequence, where *lacunary* trigonometric products of the form$$\documentclass[12pt]{minimal}
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                \begin{document}$$\int _0^1 \log \sin (\pi x) \mathrm{d} x = - \log 2$$\end{document}$, hence the normalization factor 2 in this case.)

It was shown there that for almost all $\documentclass[12pt]{minimal}
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In the present paper we restrict ourselves to $\documentclass[12pt]{minimal}
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                \begin{document}$$(x_k)_{k\ge 1}$$\end{document}$. In particular we will consider two well-known types of uniformly distributed sequences, namely the van der Corput sequence $\documentclass[12pt]{minimal}
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Such sine-products and estimates for such products play an important role in many different fields of mathematics. We just mention a few of them: interpolation theory (see \[[@CR18], [@CR19]\]), partition theory (see \[[@CR42], [@CR48]\]), Padé approximation (see \[[@CR33]\]), KAM theory and *q*-series (see \[[@CR2], [@CR15], [@CR24], [@CR26], [@CR29]\]), analytic continuation of Dirichlet series (see \[[@CR25], [@CR45]\]), and many more.

All our results use methods from uniform distribution theory and discrepancy theory, so we will introduce some of the basic notions from these subjects. Let $\documentclass[12pt]{minimal}
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                \begin{document}$$x_1, \dots , x_N$$\end{document}$ be numbers in \[0, 1\]. Their *star-discrepancy* is defined as$$\documentclass[12pt]{minimal}
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Now we come to our new results. First we will give general estimates for products $\documentclass[12pt]{minimal}
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Theorem 1 {#FPar1}
---------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Concerning the quality of Theorem [1](#FPar1){ref-type="sec"}, consider the case when $\documentclass[12pt]{minimal}
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Theorem [1](#FPar1){ref-type="sec"} is stated for sequences, hence the "sufficiently large *N*" may depend on the sequence. But we can apply the Theorem [1](#FPar1){ref-type="sec"} to a sequence $\documentclass[12pt]{minimal}
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On the other hand, the product on the left-hand side of ([5](#Equ5){ref-type=""}) is well known to be exactly $\documentclass[12pt]{minimal}
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As already mentioned above, Hlawka \[[@CR18], [@CR19]\] studied similar questions in connection with interpolation of analytic functions on the complex unit disc. There he considered products of the form$$\documentclass[12pt]{minimal}
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In the sequel we will give a second, essentially optimal theorem which estimates products $\documentclass[12pt]{minimal}
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Theorem 4 {#FPar4}
---------
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Corollary 1 {#FPar5}
-----------
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The second part of Corollary [1](#FPar5){ref-type="sec"} can also be obtained from \[[@CR7], Lemma 4\].
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Corollary 2 {#FPar6}
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Finally, we study probabilistic analogues of Weyl products, in order to be able to quantify the typical order of such products for "random" sequences and to have a basis for comparison for the results obtained for deterministic sequences in Theorems [3](#FPar3){ref-type="sec"}--[5](#FPar7){ref-type="sec"}. We will consider two probabilistic models. First we study$$\documentclass[12pt]{minimal}
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Remark 1 {#FPar10}
--------

The conclusion of Theorem [7](#FPar9){ref-type="sec"} remains valid if $\documentclass[12pt]{minimal}
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Remark 2 {#FPar11}
--------

It is interesting to compare the conclusions of Theorems [6](#FPar8){ref-type="sec"} (for purely random sequences) and [7](#FPar9){ref-type="sec"} (for randomized subsequences of linear sequences) to the results in equations ([1](#Equ1){ref-type=""}) and ([2](#Equ2){ref-type=""}), which hold for lacunary trigonometric products. The results coincide almost exactly, except for the constants in the exponential term (which can be seen as the standard deviations in a related random system; see the proofs). The larger constant in the lacunary setting comes from an interference phenomenon, which appears frequently in the theory of lacunary functions systems (see for example Kac \[[@CR22]\] and Maruyama \[[@CR34]\]). On the other hand, the smaller constant in Theorem [7](#FPar9){ref-type="sec"} represents a "loss of mass" phenomenon, which can be observed in the theory of slowly growing (randomized) trigonometric systems; it appears in a very similar form for example in Berkes \[[@CR4]\] and Bobkov--Götze \[[@CR6]\]. It is also interesting that the constant $\documentclass[12pt]{minimal}
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The outline of the remaining part of this paper is as follows. In Sect. [2](#Sec2){ref-type="sec"} we will prove Theorems [1](#FPar1){ref-type="sec"} and [2](#FPar2){ref-type="sec"}, which give estimates of Weyl products in terms of the discrepancy of the numbers $\documentclass[12pt]{minimal}
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                \begin{document}$$(x_k)_{1 \le k \le N}$$\end{document}$. In Sect. [3](#Sec3){ref-type="sec"} we prove the results for Kronecker sequences (Theorems [3](#FPar3){ref-type="sec"} and [4](#FPar4){ref-type="sec"}), and in Sect. [4](#Sec4){ref-type="sec"} the results for the van der Corput sequence (Theorem [5](#FPar7){ref-type="sec"}). Finally, in Sect. [5](#Sec5){ref-type="sec"} we prove the results about probabilistic sequences (Theorems [6](#FPar8){ref-type="sec"} and [7](#FPar9){ref-type="sec"}).

Proofs of Theorems [1](#FPar1){ref-type="sec"} and [2](#FPar2){ref-type="sec"} {#Sec2}
==============================================================================

Proof of Theorem 1 {#FPar12}
------------------
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Next we come to the proof of Theorem [2](#FPar2){ref-type="sec"}. We will need several auxiliary lemmas, before proving the theorem.

Lemma 1 {#FPar13}
-------
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-----
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Lemma 2 {#FPar15}
-------
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-----
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Lemma 3 {#FPar17}
-------
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Proof {#FPar18}
-----
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Lemma 4 {#FPar19}
-------
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Proof {#FPar20}
-----
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Lemma 5 {#FPar21}
-------
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-----
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Proofs of the results for Kronecker sequences {#Sec3}
=============================================

Proof of Theorem 3 {#FPar24}
------------------
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Proof of Theorem 4 {#FPar25}
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Proof of Corollary 1 {#FPar26}
--------------------

By Theorem [4](#FPar4){ref-type="sec"} we have$$\documentclass[12pt]{minimal}
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Proof of Corollary 2 {#FPar27}
--------------------
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Proof of the result on the van der Corput sequence {#Sec4}
==================================================
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Lemma 6 {#FPar28}
-------

Let (in dyadic representation)$$\documentclass[12pt]{minimal}
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Proof {#FPar29}
-----
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Lemma 7 {#FPar30}
-------
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Proof {#FPar31}
-----
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Proof of Theorem 5 {#FPar32}
------------------
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Proof of the probabilistic results {#Sec5}
==================================

In the first part of this section we consider products$$\documentclass[12pt]{minimal}
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